Special frequencies in reflection spectra of Bragg multiple quantum well structures 
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We have studied theoretically optical reflection spectra from the Bragg multiple quantum well 
structures. We give an analytical explanation of the presence of two special frequencies in the spectra 
at which the reflection coefficient weakly depends on the quantum well number. The influence of 
the exciton nonradiative damping on the reflection spectra has been analyzed. It has been shown 
that allowance for the dielectric contrast gives rise to the third special frequency at which the 
contributions to the reflectivity related to the dielectric contrast and the exciton resonance mutually 
compensate one another. 

PACS numbers: 73.21. Fg, 78.67.De 



INTRODUCTION 



The resonant Bragg structures have been first consid- 
ered theoretically in Ref. Q and then investigated ex- 
perimentally in systems based on semiconductor com- 
pounds A 2 B u 2 i 3 i 4 and A 3 Bj 5 i 6 i 7 i 8 . The further progress 
in understanding of optical properties of resonant Bragg 
structures has been achieved in a scries of theoretical 
studies2*i2iiiii24iiiiiiSii&. In resonant Bragg structures 
without the dielectric contrast, i.e., with the coinciding 
dielectric constants, = n\, of the barrier material and 
the background dielectric constant, e a = n^, of the quan- 
tum well (QW), the optical reflection spectrum for small 
enough number N of wells is described by a Lorentzian 
with the halfwidth ATo + T, where Tq and V are, re- 
spectively, exciton radiative and nonradiative damping 
ratesi. For a very large number of wells the reflection co- 
efficient is close to unity within the forbidden gap for ex- 
citon polaritons and rapidly decreases near the gap edges 
uio — A and loq + A, where luq is the exciton resonance 
frequency and A = ^I^T^fnLLil. In Refsiii^ the 
reflection spectra are calculated for arbitrary values of 
A, including the intermediate region where ATo and A 
are comparable. The calculations have demonstrated an 
existence of two particular frequencies: near these spe- 
cial frequencies a value of the reflection coefficient from 



the resonant Bragg structure with the matched dielectric 
constants is practically independent of the QW number 
and very close to that for reflection from a semi-infinite 
homogeneous medium with the refractive index rif,. In 
the present paper we give an analytical interpretation 
for this effect. Moreover, we analyze the role of dielec- 
tric contrast s a — £& ^ in the formation of the special 
frequencies in the reflection spectra. 

2. STRUCTURES WITH MATCHED 
DIELECTRIC CONSTANTS 

The structure under consideration is schematically de- 
picted in Fig. 1: it borders vacuum in the left and con- 
tains the cap layer of the thickness b' made from the 
material B, A QWs made from the material A, each of 
the width a, separated by the barriers of the thickness 
b and the semi-infinite medium B. Under normal inci- 
dence (from vacuum) of the light wave of the frequency 
l>, the amplitude reflection coefficient can be written in 
the following form 1 



r(N) 



roi + r N e 



f + nnnve 



2i<j> 



(1) 



Here roi = (1 — + n&) is the reflection coefficient 

"vacuum — semi-infinite medium B", <j) = kb(b' — b/2), 
kb = nb{ijj/c), c is the light velocity in vacuum, fjv is 
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FIG. 1: Schematic representation of light reflection from an 
iV-QW structure. Eq is the electric field amplitude of the in- 
cident light wave, and the reflection coefficient r(N) is defined 
as a ratio of the reflected amplitude to Eq. 

the reflection coefficient from the structure with N QWs 
placed between the infinite barriers. It is convenient to 
refer the phase of the latter coefficient to the plane shifted 
by (a + b)/2 from the center of the leftmost QW. Then 
this coefficient is given bj*i2*i£ 



7 s\n(N-\)Kd ' 

*1 sin NKrl 



1 



(2) 



sin TV if d 

where the complex coefficients f\,t\ describe the reflec- 
tion from and transmission through the layer of the thick- 
ness d = a + b containing a QW in its center, K is the 
wave vector of an exciton polariton at the frequency uj in 
an infinite regular QW structure. For a structure without 
the dielectric contrast one hasii*i£ 



e'^n, h =e 1 * ! ' d (l+r 1 ), 



ri 



ir 



(3) 



lu - uj - i(r + r) 

Fig. 2 shows the reflection spectra from the resonant 
Bragg structure with matched dielectric constants. The 
spectra are calculated in the absence of the nonradia- 
tive damping (a) and for hT = 100 fieV (b). The rest 
parameters are indicated in the figure caption. In agree- 
ment with 14,15 , one can sec in the spectra presented in 
Figs. 2a and 2b that for two frequencies labelled uj+ and 
oj- the reflection coefficient Rn = \r (N)\ 2 is indeed close 
to Tq-l and almost independent of AT, at least for N < 100. 
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FIG. 2: Spectral dependence of the reflection coefficient Rn 
from JV-QW structure with the matched dielectric constants 
of compositional materials A and B. The calculation is per- 
formed for the background refractive index rib = 3.45, the 
exciton resonance frequency and radiative damping rate de- 
fined by Tiuo = 1.533 eV, TiT = 50 ^eV, b' = (a/2) + 6 and 
the nonradiative damping rate hT — (a) and hT = 100 /ieV 
(b). Curves correspond to six structures with different num- 
ber of QWs indicated at each curve. The reflection spectrum 
for the structure with infinite number of QWs, N — > oo, is 
labelled by the symbol oo. 

The special frequencies are tied to the exciton-polariton 
forbidden-gap edges luq ± A in such a way that 



e+ = u)+ - (cj + A)«A 
and £_ = (ujq — A) — lj_ -c A 



(4) 



On the other hand, the reflection coefficient from 
the semi-infinite structure (curves oo in Figs. 2a and 2b) 
shows abrupt change from values close to unity at T ^ 
(or equal unity at T — > +0) inside the forbidden gap to 
values Roc < in the adjoining allowed bands. For 
large but finite values of ./V exceeding 1000, the reflection 
spectrum Rn(uj) from the structure with hT — 100 fieY 
is close to -R 00 (cj) while at T — the spectrum strongly 
oscillates outside the gap region with the period decreas- 
ing as N increases. 

An existence of the special frequencies u>± in the re- 
flection spectra can be understood if one notices that in 



3 



the vicinity of the edge frequencies luq ± A, where 

\N(Kd-ic)\ < 1, 

the ratio of the sine functions in (J2J) can be approximated 
by 



sin(iV - l)Kd N - 1 



(5) 



sin NKd N 
Therefore, the reflection coefficient fjv and, hence, the 
reflection coefficient Q can be presented as the Mobius 
or linear-fractional transformation 

aN + P 



iN) 



jN + S 



(6) 



with 



a = r i(l + h) + e 2i0 fi , (3 = -r ih , (7) 



7 = 1 + h + c 2iet >r 01 h , 6 = -h . 

It should be noted that this equation is valid for an arbi- 
trary regular structure with N periods if f\ , t\ are con- 
sidered as the reflection and transmission coefficients for 
a single layer of the thickness d embedded between the 
semi- infinite media with the refractive index n^. In the 
particular case of an iV-QW structure with the matched 
dielectric constants we have instead of Q 

a = r 01 (l + e**)(uo - w - ir) + ir (e i <*» +2 *> - r 01 ) , 
p = roi<5 , 5 = -e*' (wo - w - iT) , (8) 
7 = (1 + e^Xwo -u-T) + ir (r 01 e iWd+2 ^ - 1) , 

where <pd = fcb^ and, for the sake of convenience, the coef- 
ficients used here differ from those in Q by the common 
factor u>o — lo — i(To + T), which makes no change in the 
transformation Eq. 

Let us continue analytically the dependence r(N) to 
the whole complex plane z = z' + iz" and take into 
account that the linear- fractional transformation r(z) 
sends a circle to a circle, a straight line can be con- 
sidered as a circle of the infinite radius, and the points 
z = 1, 2, . . . , N, . . . lie on the real axis. It follows then 
that the complex values r(N) lie on the circle of some 
radius p centered at some point wq so that one has 

r(N) = wo + pe l ^ N , (9) 



where only the phase </>at is iV-dependent. The values of 
u>o and p are related to a, (3, 7 and 8 by^ 

i aS* - f3~/* 



w 



2 Im(7*£) 
According to © we have 



9 



1 



Wo 



(10) 



R N = \r{N)\ 2 = \w \ 2 + p 2 + 2pRe(w* e^ N ) . (11) 

If there exists a frequency to where wo vanishes (or is 
very close to zero) then the reflection coefficient Rn at 
this frequency is independent (or almost independent) 
of N and equal (or almost equal) to |a/7| 2 . If this fre- 
quency satisfies the condition |oj — lij | ^> r , the exciton 
contribution to the reflectivity is negligible for small N 
and values of Rn are mainly determined by the reflec- 
tion on the boundary between vacuum and material B. 
Thus, for small N the inequality \Rn(u>) — r^l 1 is 
valid. Since |u>o(w)| is negligible the same condition is 
satisfied not only for small N but for all those N which 
allow the representation of r(N) in the form of linear- 
fractional transformation JJjJ . 

The calculation shows that, for the structure character- 
ized by the parameters indicated in the caption to Fig. 2, 
the special frequencies correspond to e± w 0.045A, and 
the ratio \wo(uj)/roi \ reaches a minimal value of w 10~ 2 
for T = and w 1(T 3 for TiT = 100 ^eV. At the same 
time p/rox differs from unity less than by 10~ 3 . In order 
to derive approximate analytical expressions for the fre- 
quencies uj± we can expand the coefficients a, /3, 7, S in 
JSJ) in powers of small parameters A/ojq, To/A, e_/A or 
e_l_/A. Substituting the obtained approximate equations 
into 1|1U[) and solving the equation wo — we find 

1 \ A 



ui± = ujq ± A 1 



2n 2 - 3 



or e± 



2n 2 - 3 



121 



For rib = 3.45 the ratio e±/A following from this equa- 
tion differs from the numerical result only by 8%. There- 
fore, the closeness of the frequencies cu± to the gap edges 
is determined by a large value of the dielectric constant 
n 2 . We see that the approximation of r(N) by a linear- 
fractional transformation B and a smallness of the min- 
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FIG. 3: The dependence of the reflection coefficient R(uj) on 
the number of QWs at the frequency u)+ = uo + 1.045 A. 
The parameters coincide with those indicated in the caption 
to Fig. 2. The exact values for the structure with T = 
and hT — 100 fieV are shown by squares and triangles, re- 
spectively. Solid and dotted curves represent the analytical 
approximation for T = and hT = 100 peV. 

imal value of the function |iuo(w)| allows one to explain 
the existence of special frequencies w±. 

In contrast to the absolute value of the reflection co- 
efficient r{N, u>±) which is practically independent of the 
QW number, the phase of the reflected wave 4>n(u±) 
appreciably changes with increasing N and is described 
with a good accuracy by the linear function 

4n b T N 



A(nl 1) 



(13) 



In Fig. 3 squares show the exact values of Rjy at the 
frequency w+ and the solid curve shows the approximate 
dependence Rn(u+) obtained by the substitution of l|13|) 
into l|ll|) . One can see that the approximate formula 
reproduces the results of numerical calculation with high 
accuracy. 

Fig. 2b presents the spectra Rn(uj) calculated with al- 
lowance for exciton nonradiative damping ?ir = 100 peV. 
One can see that the nonradiative damping leads to a de- 
crease of the reflection coefficient near the center of the 
forbidden gap but makes no remarkable effect on the posi- 
tion of the special frequencies u>± . Near these frequencies 



the phase of the complex coefficient r(N) is also described 
by Eq. (|13|) . However the dependence of Rm{oj±) on TV 
for KT = 100 /LteV shown in Fig. 3 by triangles essentially 
differs from that for r = 0. For the description of this 
dependence it is not enough to take into account the vari- 
ation of 4>n given by Eq. (|11|) . The reason is that, for 
nonzero nonradiative damping, the condition for validity 
of the approximation JSJ is violated at noticeably smaller 
N than in the case of vanishing T. As a result one has to 
keep the next nonvanishing term in the expansion of the 
ratio of sine functions in powers of the variable Kd — tt, 
namely, 

sin (N - T)Kd _ N -1 



sin NKd 
F(N) = 1 + 



N 



-F(N), 



2N - 1 
6 



(Kd - tt) 2 



(14) 



This expansion is valid for N < 100. Since the factor 
F(N) differs from unity the dependence r(N) obtained 
in the approximation Ijl4|l is not, strictly speaking, linear- 
fractional: the coefficients a,/3, j,S become functions of 
N and, therefore, the transformation r(N) no more sends 
the real axis to a perfect circle. Formally, the expression 
r(N) can be presented in the form ©. Moreover, the 
dependence of 4>n on T can be neglected. However, both 
wo and the real factor p are now functions of N . Trian- 
gles and dotted curve in Fig. 3 present results of exact 
and approximate calculations of the coefficient Rn at the 
frequency u>+ for ?ir =100 /ieV. The approximate cal- 
culation is carried out according to Eq. Ijll|l . but with 
modified wq and p. For nonzero nonradiative-damping 
rate, values of K become complex even in the allowed 
bands. The analysis shows that it is the imaginary part 
of K which gives rise to the difference between the solid 
and dotted curves in Fig. 3. 

3. ALLOWANCE FOR THE DIELECTRIC 
CONTRAST 

For n a ^ rib, the reflection and transmission coeffi- 
cients for a single QW are described byl^: 



5 



ri 



fi = e lhhd r x , h = e lk »% , 
= r(°)+r cxc ,< 1 =t(°)+r c 



(15) 



Here r (0) and £ (0) arc the reflection and transmission co- 
efficients calculated neglecting the exciton contribution 
and given as follows 



r (0) = e -^ rba 



1 r 2 „2ik n a ' 

1 ' ha e 



t (0) =e ife„a ( e -*»« + ro6 r<°>) , 



(16) 



where r ab = -r ba = [n a - n b )/(n a + n b ). The exciton 
contribution to r\ and t\ has the form 

ifo 



UJQ 



- u - i (r + f ) ' 



where 



- _ 1 + r afc e ifc °° 



(17) 



(18) 



As well as in the case n a = n b , the reflection coeffi- 
cient from an iV-QW structure is expressed via those 
for a single QW according to Eqs. The period 

of the structure is determined by the extended Bragg 
conditioniS*i& which, for \n a — n b \ <C n b , reduces with 
high accuracy to 

wo , 

— n b a = 7r , 

c 

which formally coincides with the exact condition for 
structures with the matched dielectric constants. 

Fig. 4 shows the iV-dependence of reflection spectra 
from the resonant Bragg structures with the different re- 
fractive indices n a and n b . The values of parameters 
are indicated in the figure caption. The calculation is 
performed with allowance for the nonradiative damping 
fir = 100 /ieV. One can see that there are not two but 
three special frequencies in the reflection spectra. Ar- 
rows point at these frequencies labelled as lo + and 
lo' + . An appearance of the special frequencies uj± can 
be explained in terms of the linear-fractional transfor- 
mation as well as for the structures without the dielec- 
tric contrast. Since these frequencies are located near 
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FIG. 4: The reflection spectra from Bragg QW structures 
with the dielectric contrast between the compositional mate- 
rials A and B. The calculation is performed for hT = 100 
/ieV, a = 120 A, n a = 3.59 and rib = 3.45. Curves are cal- 
culated for six structures containing different number, N, of 
wells indicated at each curve. The symbol oo corresponds to 
the structure with infinite N. 

the forbidden-gap edges one can apply the approxima- 
tion J5j. For r ^ 0, similarly to 1|14|) . it is necessary 
to take into account a term quadratic in the difference 
Kd — 7T. As in the above case n a = n bl an absolute 
value of the reflection coefficient r(N) at the frequencies 
to± weakly depends on N whereas the phase appreciably 
varies with N. The dependence </>jv at a frequency u> ly- 
ing close to the upper or lower edge of the polariton gap 
can approximately be described by 

4> n {lo) = 7T + 27rr afc - -5 

\uj — uJq ) — 1 

valid for \ui — u>q\ 3> Tq, T. In the particular case r ab = 
this equation transforms into Eq. (|13|) . 

Unlike the frequencies u>±, at the frequency uj' + both 
the absolute value and the phase of the reflection coeffi- 
cient r{N) are practically independent of N, i.e., not only 
R N = |r(iV)| 2 w rgj but also r(N) ~ r i. This happens 
because the reflection of light at the frequency lo' + from a 
single QW sandwiched between the semi-infinite barriers 
is almost absent, namely, a sum of two terms 
and r cxc (a/ ) in 1|15|) is close to zero. In other words, 
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the contributions to the reflectivity of a QW due to the 
presence of the dielectric contrast and the exciton reso- 
nance cancel each other—. According to (J2J the absence 
of reflection from one QW brings with it the vanishing 
reflection coefficient from N such wells, i.e., fi^(uj' + ) = 0. 
As a result, the amplitude reflection coefficient from the 
whole structure r(N, lo' + ) equals tqi and is independent 
of N. 

The frequency u' + satisfies the inequalities \uj' + — ujq\ ^> 
To,r. This allows one to neglect the damping rates To 
and r in the denominator of the expression (|17fl for r cxc . 
Furthermore, because of closeness of the refractive indices 
n a and nt the inequality |r a {,| <C 1 holds. Neglecting 
corrections of the order r^ b in equations for r*- -* , and 
the difference of Tq from Tq we obtain that the condition 
Ti(u>' + ) = is satisfied at the frequency 

To 



U} 



2r a b sin k^a 



(19) 



where k^ = n a ujo/c. Obviously, the inequalities 
\lo' + — loq\ 3> To, r are realized for a small enough coeffi- 
cient r a i,. In the limit n a — > rij, when r a b — > 0, a value of 
a/ tends to infinity, i.e., this special frequency is absent 
for structures with the matched dielectric constants. For 
parameters of the structure used while calculating the 
spectra in Fig. 4, the frequencies w+ and lo' + accidentally 
turn out to be very close to each other. 



ture. Near these frequencies the amplitude reflection co- 
efficient r(N) can be approximately written in the form 
of an iV-dependent linear-fractional function which sends 
points on the real axis to points in the complex plane ly- 
ing on a circle centered near the coordinate origin. This 
means that the reflection coefficient R(ui±) = \r(uj±)\ 2 is 
indeed almost independent of N although the phase of 
the reflected wave arg r(N) is quite well approximated 
by a linear function of N. We have shown that, for 
nonzero exciton nonradiative damping T, the reflection 
spectra are also characterized by special frequencies but 
their values at these frequencies become more sensitive 
to N. 

In optical reflection spectra from resonant Bragg struc- 
tures with the dielectric contrast there are not two but 
three special frequencies. The origin of two of them can 
be interpreted in terms of a linear-fractional transforma- 
tion in the same way as in the case n a = rib. The reflec- 
tion coefficient from a single QW put between the semi- 
infinite barriers vanishes at the third frequency lo' + be- 
cause the contributions to the reflectivity resulting from 
the dielectric contrast and the exciton resonance mutu- 
ally compensate one another. The consequence is that, 
at the frequency lu' + , the amplitude reflection coefficient 
from a structure containing an arbitrary number of such 
wells equals roi as if the structure contained no QWs at 
all. 



CONCLUSION 



For the resonant Bragg structures with the matched 
dielectric constants of the well and barrier materials, we 
have given an analytical explanation of an existence of 
the special frequencies u>± in the optical reflection spectra 
at which the reflection coefficient Rn is close to and 
almost independent of the number of QWs in the struc- 
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